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ABSTRACT

It only Fluid Mechanics aspects are considered, the
configuration appearing in the floating zone technique
for crystal growth can be modelled as a mass of liquid
spanning between two solid rods. Besides, if now the
influence of temperature gradients and heat flow are not
considered, the simplest fluid model consists of an
isothermal liquid mass of constant properties (density
and surface tension) held by capillary forces between
two solid disks placed a distance L apart: the so called
liquid bridge. As it is well known, if both supporting
disks were parallel, coaxial and of the same diameter,
2R, the volume of liquid, V, were equal to that of a
cylinder of the same L and R (V=nR’L) and no body
forces were acting on the liquid column, the fluid
configuration (under these conditions of cylindrical
shape) will become unstable when the distance between
the disks equals the length of the circumference of the
supporting disks (L=27nR, the so-called Rayleigh
stability limit). One should be aware that the Rayleigh
stability limit can be dramatically modified when the
geometry differs from the above described cylinder
(due to having non-coaxial disks, different diameter
disks, liquid volume different from the cylindrical one,
ete) or when other external effects like accelerations
either axial or lateral are considered.

In this paper the stability limits of liquid bridges
considering different types of perturbations are
reviewed. Available numerical and experimental
results, which cover a broader range of parameter
variation, as well as analytical expressions for these
limits, obtained using asymptotic analyses, are
presented.

1. INTRODUCTION

In many practical situations in crystal growth

processing, to obtain material of high and controllable
purity, it is necessary to fabricate the crucible from
material that is not chemically attacked by the molten
charge. This is not always possible, as it happens with
rare earth metals, and in this situation, when the contact
between the crucible and the melt must be avoided, the
floating zone technique is an alternative. With this
technique, shown schematically in Fig. 1, a molten zone
is established between two rods: a charge or feed rod of
polycrystalline material and a monocrystalline rod. The
molten zone can be established in a variety of ways
depending on the material to be crystallised; for
example radio frequency induction heating using a
single turn coil or radiation heating in mirror furnaces
are commonly used with silicon whereas electron beam
melting is employed in the case of refractory metals [1,
2, 3]. To maintain axial thermal symmetry and to exert
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Fig. 1. Sketch of the configuration appearing in the
tloating zone process of crystal growth: a) feed rod, b}
molten zone, ¢) crystalline rod.
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some control over the shape of the solid-liquid
interfaces, the crystal and charge rods are rotated.

On earth, gravitational forces set an upper limit to the
molten zone length and therefore to the crystal
diameter, so that rods of only a few millimeters in
diameter could be zoned thereby. However, refinements
of the floating zone technique based on a precise
knowledge of the behaviour of the liquid phase allow
the growing of cylindrical shaped crystals with
diameters of several centimeters [2]. In this case
typically an induction-heating pancake coil is used with
a diameter smaller than that of the crystal; the upper
feed rod melts to a conical shape, with the melt running
down through the induction coil. The melt collects in a
puddle and freezes onto the growing crystal below. The
electromagnetic field of the induction heating coil helps
to support the molten zone.

As it is well known, crystal growth process by using the
floating zone technique consists of the following steps:

1) Melt-drop generation at the ends of a seed and a feed
rod,

2) Joining of the melts,

3) Necking to obtain dislocation-free material,

4) Diameters increase, and

5) Full-diameter zone growth.

In this process, heating as well as the relative speed
between the heating source and the rod have to be
carefully adjusted for each step to maintain the desired
zone lengths and diameters within stable limits to avoid
the dripping down of the zone (heating power too high)
or growing together of seed and feed rod in the middle
of the zone (power too low or speed too high).

Therefore, in the floating zone process, due to either the
growing process itself or to non-desired perturbations, a
large variety of melt shapes can appear. The melt can be
between solid rods of equal or unequal diameters, it can
be rotated, the supporting rods can be aligned or not
aligned, etc., so that a precise knowledge of the
behaviour of the hydrostatic stability of these melt
shapes is of interest in order to prevent either the
breaking of the melt zone or the growing of crystal
having undesired shapes. This is of interest not only for
the floating zone technique, but for other similar crystal
growth techniques in which a melt drop spanning
between two solid supports has to be handled (as it also
happens in the Stepanov technique for the growth of

cylindrical crystals and other related techniques {1, 4,

5D

The equilibrium shapes and stability limits of the
floating zone melt under the large variety of
disturbances that could arise either accidentally or
intentionally during the growing process is a matter of
great concern. Its study involves a formidable task both
because of the material characteristics of the melt,
whose properties are strongly temperature dependent,
and because of the complexities associated to the
disturbances which could be imposed on the zone.
Thence, several simplifications must be introduced in
the model. The simplest approach consists in
disregarding phase changes, considering a liquid zone
held between two parallel solid disks, the so-called
liquid bridge problem [6, 7, 8].

The liquid bridge is a relevant fluid configuration for its
own merit as a simple and controllable setup for basic
fluid science studies and for its direct application to the
floating-zone crystal growth technique. As already said,
in the simplest configuration a liquid bridge consists of
an isothermal drop of liquid held by surface tension
forces between two parallel, solid disks as shown in
Fig. 2. Disregarding additional electric and magnetic
fields effects, the equilibrium interface shape and
hydrostatic stability limits of such a fluid configuration-
are determined by the following dimensionless

Fig. 2. Sketch of the liquid bridge configuration.
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parameters:

® The slenderness, A=L/(2Ry), where L is the distance
between the supporting disks and Ro=(R;+R»)/2 is the

mean radius, which is used as characteristics length to
make the description dimensionless.

® The ratio of the radius of the smaller disk, R,, to the
radius of the larger one, R, That is K=Ri/Ra, or the
equivalent parameter

1-K Ry-R

h= .
1+ K R2+R]

(H
Note that in Fig. 2 the smaller disk has been plotted at
the bottom, the larger disk at the top and the axial
acceleration points towards the small disk. The reason
for this election is that most of the published works on
the liquid bridge problem deal with the behaviour of
liquid bridges under microgravity conditions like the
ones existing in orbital platforms. Since in a space
platform the elsewhere intuitive concepts of top and
bottom are misleading, in the literature, the parameter K
is assumed to be the ratio of the radius of the smaller
disk to the radius of the larger one (so that the range of
variation of ki is restricted to 0<h<1) and the axial Bond
number is considered to be positive when the
acceleration vector points towards the smaller disk and
otherwise, the reason behind being, as is explained in
the following, that the former case yields to more stable
liquid bridge configurations than the later.

® The dimensionless eccentricity, e=E/Ry, 2E being the
distance between the disks axes.

® The dimensionless volume, defined as the ratio of the
actual volume V* to the volume of a cylinder of the
same length L and diameter 2R

*
V= VZ : )
ITR() L

® The axial Bond number,

Apg, Ry
B, = pgo_UR{) , 3

where Ap is difference between the density of the liquid
and the density of the surrounding medium, g, is the
axial component of the acceleration acting on the

liquid, and o is the surface tension.

® The lateral Bond number,

A 2
B, :—Pg—RO, @

where g; stands for the lateral component of the
acceleration acting on the liquid, which forms an angle
B with respect to the plane defined by the axes of the
disks.

® The Weber number (assuming that the liquid bridge
is rotating as a solid body with angular velocity w):

B pr2R3
s

w &)

Hence, a liquid bridge is the simplest idealisation of
real configuration appearing in the floating zone
technique used for crystal growth and purification of
high melting point material. Equilibrium shapes and
stability limits of capillary liquid bridges have been
analysed from both the theoretical and the experimental
point of view during the last decades, and many papers
dealing with such fluid configurations have been
published (reviews of the state of the art in the field as
of the early nineties can be found in [9, 10]). In the next
section the differences and similarities between liquid
bridges and floating zones are outlined, and in
following sections the stability limits of liquid bridges
considering different geometrical configurations are
presented.

2. FROM FLOATING ZONES TO LIQUID BRIDGES

Although the protruding solid ends (solid caps entering
into the liquid section) have a major impact on the
logistics of the heating and puling laws during real
floating zone processing, they have minor importance
for the internal motion (because it is surface driven) and
no importance at all for the mechanical stability of the
melt [8], so that, the liquid bridge model sketched in
Fig. 2 can be used instead of the real molten zone of
Fig. 1 for modeling mechanical behavior without
significant errors. The similarities and differences
between the two configurations (simplified liquid
bridge and real floating zone) can be summarised as
follows:
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@ Statics: the liquid bridge is assumed to be at
complete thermodynamic equilibrium, whereas if the
solid-liquid interface for the melt were in the true
thermodynamic equilibrium it could be in any position,
because it is indifferently stable. In practice, in the
floating zone, the solid-liquid interface is fixed by
application of a non-uniform ternperature field, slightly
heating the melt and cooling the supports over and
below the fusion temperature, respectively. If the
temperature difference is not large, fluid properties
(surface tension and density) can be taken as constant.
Even during actual processing, where temperature
differences as large as 100 K in 1 cm may exist, the
variation of properties with temperature and the
motions they create are so mild [11] that the outer
shape and its mechanical stability seem to coincide with
those predicted by the constant-property liquid bridge
quiescent model.

The problem of how good the model is in the
description of the liquid-solid interaction is another
issue. Because mechanical relaxation times are much
shorter that thermal or diffusional ones, it can be
anticipated that if the melt is suddenly shaked, the
solid-liquid interfaces would remain the same (at least
for short times). One important issue now is the
behaviour of the triple (solid-liquid-gas) line. The
liquid could then remain edge-attached to the solid, or
could slip over the solid. Experiments show that the
anchoring assumption is correct [12].

® Dynamics: the interest is on predicting the

eigenfrequencies and motions caused by imposed
mechanical perturbations. The parameters that enter
into the dynamic model of the liquid bridge (leaving
aside geometry) are: surface tension, density and
viscosity, and there is an ample choice of model fluids
which show similar properties to those of the high
temperature melts of interest. The same remark on
boundary conditions as above apply.

® Convection: the interest is on thermocapillary
convection, and besides the dynamical parameters
mentioned above, thermal diffusivity and change of
surface tension with temperature play the major role. A
handicap of the model is that Prandtl numbers Pr=pic,/k
(the ratio of viscous to thermal diffusivity) for melts of
technological interest are of order Pr=10"2 whereas for
transparent liquids used at ambient temperature for
laboratory experiments on liquid bridges it is Pr=10,
that is three orders of magnitude different (see Table 1
for examples of melts and transparent fluids).

In any case, it must always be kept in mind that the
variation of surface tension with temperature is very
difficult to measure for real melts (at temperatures near
2000 K) and uncertainties even in the order of
magnitude exists.

® Diffusion: although the study of segregation and
transport of impurities is one of the major goals of
experiments on the floating zone process, little effort
has been paid up to now to its analysis using the liquid
bridge model (with a binary mixture liquid).

Table 1. Properties of some important liquids on floating zone or liquid bridge research (from [8])

Material Si Ge Water DMS 5
@7l | Ty | a298K) | (at 298 K)
Melting temperature, 77 [K] 1690 1210 273
Refractive index (at A= 0.6 um), n opaque | opaque 1.33 1.40
Density, p [kg.m™] 2530 5500 1000 920
Thermal expansion, o [K™'] 1.4x10* | 107 2%x107* 107
Surface tension, o [N.m™'] 0.800 0.600 0.074 0.020
~do/dT (N.m™" K] 31074 | 3x107* | 1.7x107* 1078
Thermal conductivity, k [W. m™ .K™"] 0.67 0.71 0.6 0.12
Thermal capacity, ¢, [J.kg™ . K™'] 1000 380 4200 1800
Thermal diffusivity, a = k/pc, 2x107° | 34x107° | 14x10® | 7x107®
Kinematic viscosity, v [m.s™'] 35x107 | 14x1078 107 5x10°°
Prandtl number, Pr = via 0.02 0.01 7 55
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® Phase changes: this is genuine to the floating zone,
and the liquid bridge model is assumed to not account
for phase changes. However, using model substances as
succinonitrile, which has a well-defined fusion point
(T=330 K), or even sodium nitrate (7; =580 K), both of
which have transparent melts, will surely help to
understand real floating zone processing at 2000 K.

® Electric and magnetic effects: electric and magnetic
fields are applied in real floating zone processes to
better control the shape or the internal motions in the
melt, and they can be similarly applied in the liquid
bridge configuration {13-17].

® Reactive processes: it is easily understandable that,
working at 2000 K, every system must be considered
reactive. For the same reason, it 1s difficult to think of a
liquid bridge at 300 K as a good model to analyse
chemical reactions of interest to the floating zone
process, although the fact that a liquid bridge offers a
highly controllable and free configuration will no doubt
stimulate its use for chemical reaction research.

In spite of these differences, the similarities between
floating zones and liquid bridges allows the use of the
later as a suitable model for the hydrostatic problems
involved in the former. As already said, the primary
interest of most of the published papers on liquid bridge

stability is not directly on crystal growth but on the
behaviour of liquids under reduced body force
conditions (the reason likely being the possibilities the
available experiment opportunities for fluid physics
studies under microgravity conditions on board orbital
platforms). This is why sometimes is surprising to find
in the literature studies on liquid bridge stability
covering some aspects of apparently little (or none)
interest from the crystal growth point of view.

The hydrostatic stability of liquid bridges has been
analysed in a large number of publications. Trying to
summarize the state of the art and provide a quick
reference and a pointer to the relevant reference, a brief
review of the cases studied is presented in Table 2. The
references have been categorized according to the type
of perturbation considered and to the year of
publication. It must be pointed out only those works
published in open western literature and easily available
are quoted in Table 2. There are also a remarkable
number of publications in the Russian literature dealing
with liquid bridges or related problems (many of these
works are quoted in (28, 34, 44, 48, 53]) but they have
not been referenced here due to the difficulty of
obtaining copies of them.

Before pursuing further and taking into account the
number of parameters involved in the problem and the

Table 2. Some published papers dealing with the hydrostatic stability of liquid bridges. A cross in
the first five columns indicates the effect considered. Numbers in the last three columns indicate,
grouped by decades, the paper numbers according to the list of references. Bold numbers indicate

that experimental results are presented.

References
B,\h | W|B| e 70°s 80’s 90’s
18,19,20,21,22,23 [24,25,26 (27,28
X 29, 30, 31 32,33, 34
X 35, 36 37
X X 38,39,40 [41,42,43,44
X 45, 46 47, 48
X X 49 50, 51 52
X X X 53
X 1X 54,55
X X 56 57, 58, 59, 60
X X 61, 62
X X |X 63
X 11X X |X 64
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wide range of values that they can take if arbitrary
variations of them were considered, it is convenient to
have in mind a more definite (and floating zone
technique oriented) liquid bridge configuration. As it
has been previously discussed, liquid bridges are
uniquely defined by the set of parameters A, K, e, V, B,
B and W, so that it is now of interest to bound the
values of these parameters in a real floating zone
process.

Obviously the maximum slenderness depends on the
values of the other parameters involved. Concerning the
ratio of the radius of the small disk to the radius of the
larger one, h=(1-K)/(1+K), this parameter can vary
from h=0 to h=1. The extreme h=0 means that both
solid supports are equal in diameter (K=1), whereas the
second value (h=1) means K=0 (R,=0), although in this
case the resulting configurations cannot be properly
considered as liquid bridges, but rather sessile or
pendant drops depending on the sense of the Bond
number.

In the floating zone process the dimensionless
eccentricity, e, will be usually zero (that means coaxial
solid supports) or extremely small.

Dimensionless volume is bounded, for every value of
the slenderness, between the maximum volume and the
minimum volume stability limits, defined in the
following. These maximum volume and minimum
volume stability limits depend in turn on the rest of
parameters under consideration (X, e, B,, B; and W), so
that the range of values of V can be rather different
depending on the imposed perturbations. Experiments
on crystal growth performed both on board orbital
platforms and in sounding rockets [2, 7, 8], where body
forces effects are almost negligible (B,=0, B=0), show
that the value of V usually ranges between V=1 and
V=2. On earth, floating zones are less slender than in a
microgravity environment, but concerning the
dimensionless volume the same range of upper values
still hold.

With respect to the value of the Bond number, either
axial or lateral, once the material properties are fixed,
the value of this dimensionless parameter, measuring
the ratio of hydrostatic pressure to capillary pressure,
depends on the square of the mean radius,
Ro=(R+R,)/2. Taking into account typical values of
both the density and the surface tension taken from

Table 1, and considering a typical value for the mean
radius Ro=2.5x107" m, it is obtained |B.=1, except in
the case of Silicon oil, that yields a higher value (but of
the same order of magnitude) |B,|=3. Therefore |B,|~1
would be an appropriate value of reference for the axial
Bond number. Concerning the lateral Bond number, in
a real floating zone process the value of this parameter
is usually zero or very small (crystals are grown
vertically).

Finally, the value of the Weber number is also small;
typical values of the rotation speed in floating zone
process are so slow that W=10" could be a suitable
value for the upper bound of this parameter.

3. EQUILIBRIUM INTERFACE SHAPES
Leaving apart electric and magnetic effects, equilibrium
shapes of liquid bridges are described by the Young-

Laplace equation, which in dimensionless variables
reads:

M(F)+P-B,z+ B,Fcos(@—ﬂ)+~;~F2W =0, (6

M(F) is twice the mean curvature of the interface, that
is:

Fl1+(7.)* [ Foo - F]

M(F) = - St
{F2[1+(FZ) ]+(F9) }
FFzz[FZ +(F9)2]—2F9[F0 + FF,Fy)
+
3/2
2 2
[Pl (R (R)?]

Boundary conditions are:
F(iA,Q):[(Iih)z—ezsinZB]l/Ziecos(J. 7
F(z.6+27m) = F(2.0) , (8)
1 A 2r
3 [dz [F2d0 =2mAV . ©9)

-A 0

To write down the above expressions all lengths have
been made dimensionless with Ry=(R,+R»)/2; F=F(z,6)
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stands for the shape of the interface, and the parameters
appearing in the problem formulation have been already
defined. P is a constant related to the difference
between the outer pressure and the inner pressure which
has been made dimensionless with o/R,. The subscripts
z and 6 indicate derivatives with respect to z and 6,
respectively.

Equilibrium interface shapes are obtained by integration
of the above formulation, expressions (6)-(9). In the
general case, when the liquid bridge configuration is
not axisymmetric, the integration of the problem (6)-(9)
is very complicated, and only a few methods to
calculate the liquid bridge interface have been reported
[57, 58, 62]. Of course the integration methods
developed for the non-axisymmetric case are of
application to the axisymmetric one, but in the later
(that means Bj=e=0), since derivatives with respect to
the variable 8 are zero, the problem formulation is
drastically simplified to:

M(F)+P—Baz+%F2W=O, (10)
2
1 1+(F,
M(F) = 3/2{1:22“ (F&) }
[1+(F)*

F(xA) =(11h)?, (i
A

szdz =2AV, (12)
—-A

which is much more simple to handle. In this case, the
system (10)-(12) can be integrated by using shooting
methods like the one described in [36]. If no body
forces are considered (B,=W=0) the problem
formulation reduces even more (differential equation
becomes M(F)+P=0) and the equilibrium interface
shapes can be expressed in terms of elliptic integrals
[22].

In the case of almost cylindrical volume liquid bridges
(V=1), assuming that all the parameters involved in the
problem formulation (except the slenderness) are small
enough, it is possible to obtain an approximate
analytical expressions for the equilibrium interface

shape of liquid bridges starting from a known solution
(the cylinder) and considering different kind of stimuli.
In this case the configuration of reference to be
perturbed is a cylindrical volume liquid bridge
(v=V~-1=0) held between equal in diameter, coaxial
disks and in absence of body forces (e=h=B,=B=W=0).
This configuration of reference has the well known
solution F=1, P=1. A solid body rotation (W #0) could
also be considered and the basic solution will still be a
cylinder {517]. If now we consider a situation where the
different parameters under consideration are not zero,
but small, the expression for the liquid bridge interface
can be expanded in the above quoted parameters, as
follows:

F(z, 9>_1+25 fiz, 9)+225

P(z, 9)‘I+Z£,p (z, 9)+ZZ£,£1pu(z,0)+ (14)
J

£,fi(z, NH+..., (13)

where g, & stand for the different small parameters.

A general asymptotic solution for the approximate
equilibrium shapes of liquid bridges without solid body
rotation (W=0) was obtained in [40], although in that
work the variable $=F” was used instead of F. An
asymptotic expression giving directly the function F has
been published later in {63}

As already explained, in the floating zone problem the
more relevant parameters are the axial Bond number
and the radii ratio of supporting disks, and, to less
extent, the Weber number. The other two remaining
parameters, lateral Bond number and eccentricity, are of
much less importance (crystals are tried to be grown
vertically and the supports are tried to be coaxial, as
already said). In the floating zone case, where liquid
configurations are axisymmetric but no longer
cylinders, to calculate equilibrium interface shapes the
shooting methods already quoted are of application.

However, to get some insight of the relationship
between interface shape and stability it is worth to
obtain an approximate expression for the liquid bridge
interface. Therefore, the scope of the following analysis
is restricted to the influence of v=V-1, h and B,,
according to reference [63] and the value of these three
parameters is considered to be small enough. Under
these assumptions the equilibrium interface shape can
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be expressed as:

F(2)=1+vfj+ B, f, +hf3 +
+V2f“+Bgf22 +h2f33+
+2(vB, fip + vhfi3 + Bahfs). (15)

where the nine functions f;, f;; are:

h :%N(cosz——cosA) s

A
where N = ———m——,
sin A— Acos A
sing
fHh=71—-A— s
2 sin A
_sing
3 sinA’

hr=T1@-T(4),

sinz
sinA '

hz =T2(2)-Tj2(A)

sinz
sinA

f3 =130 - T3(A)
fr2 =T (2)~Ty(A) ,
fa3 =Th3(2) = Th3(A)

f33 = T33(2) - T33(A)

the functions Tj(z) being:
1
T2 :gNZ sin? z+

+% N? cos A[(2— NAsin A)cosz— zsinz],

; i I o .
T, -)=—~N(—z smz~22005/\j+
@)= N3

NAcosz, .
+ﬂ(smz—zcosA),
4sin A
Ti3(2) = Ncosz (zcos A —sinz),

4sin A

Acosz
2sin A
A2 cos? ; 2
7+z ,
2sin” A

Ty (2) = (4~A2+zz)+

cosz
4sin A

Ty3(z) = - (4= A +2% -2NAsin A)-
_ Acos? z
2sinZ A’

2
cos“z 1
T33(z)-—--——z ——Z—Ncosz

2sin? A

(there is a misprint in the expression of T33(z) in [63],
where cos’z/sin”A must be read instead of coszz/sinzz).

Note that in the above expression the functions f; and
f1) are symmetric with respect to the middle plane
parallel to the disks (that means that f{z)=f(-z)),
whereas the others are antisymmetric (f(z)=—f(-z)). In
consequence, at least within the range of validity of this
asymptotic analysis, any variation of the liquid bridge
volume with respect to the cylindrical volume causes a
symmetric deformation of the liquid bridge interface
(interface bulging or necking at the centre of the liquid
column is obtained depending on the sign of v). On the
other hand the interface deformation due to both the
axial Bond number and the radii ratio of the supporting
disks causes the bulging of one half of the liquid
column and the necking of the other, and since the
deformations due to each one of the parameters
involved, / and B, can be in phase or in counter-phase,
in the former case the necking effect will be
accentuated (that means to be closer to stability loss, as
explained in the following), whereas in the second both
effects can compensate or even cancel each other.
Therefore (see Fig. 3), liquid bridges between unequal
disks are less stable when gravity points towards the
larger disk (right sketch) than when it points towards
the smaller one (left sketch).

4. STABILITY OF AXISYMMETRIC BASIC
CONFIGURATIONS

The simplest non-trivial (non-cylindrical) liquid-bridge
configuration consists of an axisymmetric, isothermal
drop of liquid spanning between two parallel, coaxial,
equal in diameter, solid disks, in absence of body forces
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Fig. 3. Interface shape of liquid bridges between
unequal disk. Because of necking effects configuration
B is less stable than configuration A.

(e=h=B,=B=W=0). Early stability studies concerning
basic configurations were published some three decades
ago. The most relevant results concerning the stability
of such configurations were published in the decade of
the seventies and early eighties (see Table 2).

The stability diagram for axisymmetric liquid bridges
with e=h=B,=B=W=0 is shown in Fig. 4. The
maximum volume of an axisymmetric liquid bridge
(curve OD) is determined by the appearance of a
non-axisymmetric perturbation which causes a
non-axisymmetric bulging deformation of the liquid
bridge interface and a (possibly not reversible)
spreading of the liquid over the lateral surfaces of the
supporting disks, whereas the smaller possible value of
the volume (the minimum volume stability limit) is
driven for most of the points (curve A-B-C) by an
axisymmetric perturbation whose nature depends on the
slenderness. Still in the lower part, and for very short
liquid bridges (curve O-A), the destabilizing
perturbation is non-axisymmetric.

For relatively large values of the slenderness,

A > 2.128, the minimum volume stability limit is
determined by the appearance of a catastrophic pitch-
fork bifurcation to non-symmetric (with respect to the
middle plane parallel to the disks) unstable equilibrium
shapes (indeed the corresponding eigenfunction is
antisymmetric with respect to the middle plane). On the
other hand, for moderate or small values of the

Unstable

Unstable
A 1 ! i

0 1 2 3 4
A

Fig. 4. Stability diagram of axisymmetric liquid bridges
between coaxial, equal disks under zero gravity
conditions (e=h=B,=B=W=0).

slenderness, A < 2.128, the stability limit is determined
by a turning point in the bifurcation diagram and the
associate unstable equilibrium shapes are still
symmetric with respect to the middle plane paralle] to
the disks [22, 28]. If the slenderness is small enough
there is another constraint fixing the minimum volume
of the liquid column: a non-axisymmetric instability
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appears and, depending on the contact angle, a possible
detachment of the liquid bridge interface from the edges
of the disks could happen.

5. UNEQUAL DISKS AND AXIAL BOND NUMBER

Although the interest on the influence of several types
of stimuli and of liquid bridge geometries different
from the cylindrical one has paid the attention of many
scientists during the last three decades, early
publications on these topics were concerned only with
partial aspects of the A-V stability diagram. The
complete stability diagrams, considering all parts of the
stability limits (both minimum volume and maximum
volume), of liquid bridges between unequal disk radii,
in zero gravity conditions or subjected to body forces
(including solid body rotation) have only been
published recently [34, 44]

Concerning the influence of axial Bond number, early
studies were concerned with the maximum stable
slenderness of liquid bridges between equal disks
having cylindrical volume (V=l). Different attempts
have been made to calculate the minimum volume
stability limit as well as the maximum volume stability
limit both from the theoretical [30, 31, 32} and
experimental point of view {30, 33]. This problem has
been extensively analysed in a work published at the
beginning of the nineties [34]. A typical stability limit
curve is presented in Fig. 5 (e=h=B=W=0, B,=1). As
can be seen, for any non zero value of the axial Bond
number the stability limit can be represented by a single
closed curve in the A-V plane. In the stability limit it is
possible to distinguish, as in the previous case for zero
gravity, three different parts. For small volumes and
small slenderness the instability is governed by a
non-axisymmetric instability and a possible detachment
of the interface from the edge of the top disk. Another
part of the stability limit is characterised by the
axisymmetric breakage of the liquid column (that part
corresponds to the minimum volume for moderate to
large slendernesses) whereas the last (upper) part of the
limit is characterised by the loss of axisymmetry of the
equilibrium shapes and the appearance of
non-axisymmetric bulging deformations of the interface
(maximum volume stability limit). Nevertheless, if
axial Bond number is large enough (B,>3.07) all
destabilising perturbations are non-axisymmetric.

In most of the references quoted in Table 2 stability

Fig. 5. Stability diagram of axisymmetric liquid bridges
between coaxial, equal disks, without solid body
rotation (e=h=B=W=0) subjected to an axial Bond
number B,=1. Numbers on the curve indicate the value
of the angle 3.

diagrams in the plane A-V are defined by the
appearance of different types of instabilities, either
axisymmetric or non-axisymmetric, as discussed above.
However, this approach, based on a strict mathematical
formalism, yields in some cases to limiting liquid
bridge interfaces that are extremely far from those
usually appearing in floating zone technique. To clarify
further this statement, in Fig. 5 the values of the angle
B along the stability limit curve corresponding to the
case B,=1, K=1 are shown. Observe that, at the stability
limit curve, the angle B; can be negative or very close
to 180°, depending on the values of both the slenderness
and the volume (the same happens with ;). Obviously
these cases have not physical meaning from the point of
view of the floating zone technique (this would imply
that the interface enters in the solid rods as could be
deduced from the sketches in Fig. 3), and the limiting
curves to be considered in practice should be rather
different. In an extreme situation, assuming that the
molten interface is paraliel at each one of the
supporting rods to the solid-liquid interface, the
limiting values of the angles B and 5, would be the
angles formed by the protruding caps existing at the
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melting front and at the solidification front. Even this
case is a too severe constraint, the zone of interest for
crystal growers being the part of the stability limit curve
where f3; is close, but smaller than 90°.

Additional insight on the region of interest in the A-V
plane can be obtained by plotting over the stability
diagram the lines Si=constant. In Fig. 6 the lines
Bi=constant corresponding to liquid bridges between
equal disks subjected to an axial Bond number
(B,=0.01) have been represented. The values of B\ have
been calculated under the assumption that the liquid
bridge volume is almost cylindrical and that the Bond
number is small enough, so that equation (15) has been
used to calculate the liquid bridge interfaces. Note that
for the value of the Bond number under consideration
the region of volumes of interest lies near V=1, but with
volumes smaller than the cylindrical one.

As already said the stability limits of liquid bridges

1.2

Fig. 6. Variation with the slenderness, A, and the liquid
bridge volume, V, of the angle Bi formed by the liquid
bridge interface at the bottom disk. The results have
been obtained by using the approximation for the liquid
bridge interface given by equation (15) and correspond
to axisymmetric liquid bridges between coaxial, equal
disks, without solid body rotation (e=h=B=W=0)
subjected to an axial Bond number B,=0.01. Dot-
dashed line is the stability limit.

between equal disks is an thoroughly analysed problem,
the agreement between available experimental and
theoretical results being excellent. In Fig. 7
experimental results on the variation with the Bond
number of the absolute maximum slenderness, Apax, of
liquid bridges between equal disks is compared with
theoretical predictions (be aware that, if the value B, is
small enough, the absolute maximum slenderness will
be reached for quite large values of the liquid bridge
volume). The discrepancies shown for small values of
B, can be attributed to other uncontrolled disturbances
in the experiments.

The influence on stability limits of having disks with
different diameters has been mainly investigated in the
last two decades. At the beginning the efforts were
concentrated mainly on the stability limits of minimum
volume [35, 36]. The problem of the calculation of the
maximum volume of liquid bridges between unequal
disks has been reported quite recently {37]. The
influence of unequal disks in the A-V stability diagram
is shown in Fig. 8. Only the relevant part of the diagram
{minimum volume limit and smalt to moderate valaes
of the slenderness) has been plotted. As it can be
observed the stable region in the A-V plane decreases as
the parameter K decreases (h increases).

The combined influence of both unequal disks and axial

T T
6 - 0 ]
Amax [ -1
4 fm -
o I -
0 | i !
0.001 0.01 0.1 1 10

B,

Fig. 7. Variation with the axial Bond number B, of the
absolute maximum slenderness, Amax, of axisymmetric
liquid bridges between coaxial, equal disks, without
solid body rotation (e=h=B=W=0). Solid line
represents theoretical results from [34] whereas
symbols correspond to experimental ones from [33].
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Fig. 8. Stability diagram of axisymmetric liquid bridges
between coaxial, unequal disks under gravitationless
conditions and without solid body rotation
(e=B,=B=W=0, K+1). Numbers on the curves indicate
the value of the parameter K (from [35)).

Bond number on stability limits of minimum volume
was first studied through a bifurcation analysis by the
mid eighties [38]. According to this study, the
maximum stable slenderness, Amax, of a liquid bridge of
almost cylindrical volume (v=V-1<<1), between disks
of different radii (h<<1), and subjected to an axial Bond
number (B,<<1), is given by the expression:

4/3 2/3
3 h
h@i:]‘(”) (Ba—“) +%V (16)

T 2 T

According to equation (16), if the effect of axial gravity
and the effect of unequal disks are considered
separately, each one of them reduce the stable region
(as can be observed in Figs. 5 and 8). Nevertheless,
since both effects are non-symmetric with respect to the
middle plane parallel to the disks, under certain
circumstances (when they are in opposition) they can
compensate to a certain extent (this happens when axial
gravity is directed towards the smaller disk).

The more comprehensive results up to now published
on the combined influence of both A0 and B,0 can be
found in [43], where the minimum volume stability
limits are analysed both theoretically and
experimentally, and in [44] where the complete stability
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Fig. 9. Stability diagrams of axisymmetric liquid bridge
between coaxial, unequal disks, without solid body
rotation (e=B=W=0, B,#0, h=0). Solid (dashed) lines
correspond to a value of the axial Bond number B,=1
(B,=-1), (from [44]).
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diagrams are calculated. Typical sets of curves of
stability limits are shown in Fig. 9. As it can be
observed, when both disks are not of the same diameter,
the stability limit corresponding to a positive value of
axial Bond number provides (in the range of values of
interest) a stable region larger than that corresponding
to B,=0, showing the stabilising effect of axial Bond
number in this case.

Available experimental results are in agreement with
theoretical predictions [42, 43]. In Fig. 10. experimental
results [42] concerning the stability limits of
axisymmetric liquid bridge between coaxial, unequal
disks (K=0.6), without solid body rotation (e=B=W=0)
subjected to an axial Bond number B, are compared
with theoretical ones. Observe the large change of the
stability limit curve depending on the sense of the axial
Bond number (the liquid bridge is much more stable
when gravity point towards the smaller disk).

6. SOLID BODY ROTATION

The case of the stability of a liquid column between
equal disks, with cylindrical volume and in
gravitationless conditions (e=h=B,=B=0, V=1) was first
analysed almost twenty years ago. As it is well known
the nature of the instability appearing when the liquid
bridge rotates as a solid body depends on the value of

1.6

1.4
vV

0.6 | 1 !
1.5 2.0 2.5 3.0 35
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Fig. 10. Stability diagrams of axisymmetric liquid
bridge between coaxial, unequal disks (K=0.6), without
solid body rotation (¢e=B=W=0). Symbols indicate
experimental results (from [42]). Numbers on the
curves indicate the value of the axial Bond number B,,.

Weber number. According to the linear stability
analysis [51], for low values of the Weber number,
W<1/3, the loss of stability of a cylindrical equilibrium
shape is due to axisymmetric perturbations (amphora
mode), the maximum stable slenderness being
Amax=n(1 +W)“”2. On the other hand, if the value of
Weber number is large enough, W21/3, the stability loss
is due to non-axisymmetric perturbations, and the
so-called "C-mode" developes. In this second case the
maximum stable slenderness becomes Apn=m/(2W).

With respect to the combined effect of both Weber
number and axial Bond number, available results
demonstrate that within the range of validity of an
asymptotic analysis (values of the Weber number close
to the critical one and small values of the Bond number
[51]) the maximum stable slenderness of an
axisymmetric liquid bridge (e=B;=0) between equal
disks (h=0) and cylindrical volume (V=1) becomes:

9B 2/3
T
A = 1- a . a7
"R+ w)? [4(1+W)5/2J

The more general problem (e=h=B;=0, V#1, B#0,
W=x0) has been extensively studied in a recently
published paper {52]. The results corroborate the
behaviour predicted by equation (17): in the case of
minimum volume stability limits solid body rotation
decreases the stability region in the A-V plane no matter
the particular liquid bridge configuration considered.

To our knowledge, leaving apart some experimental
results on the effect of both unequal disk radii and solid
body rotation that were published in the seventies [54,
55], the only (theoretical) available results on the
combined effects of axial gravity, unequal disk radii
and solid body rotation have been published in [53}],
although these results are only concerned with the
minimum volume stability limit and they are limited to
liquid bridges between almost equal disks (A<0.1) and
subjected to very small axial Bond numbers (|B,{<0.05).
Additional theoretical and experimental efforts are
clearly needed to fully understand the coupling between
the different perturbations.

7. NON-AXISYMMETRIC PERTURBATIONS

As it has been already said, non-axisymmetric stimuli
(lateral Bond number and eccentricity) are effects that
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have a minor impact on floating zone processing on
earth, altough these effects can be of paramount
importance in crystal growth in space platforms, where
the other perturbation effects can be of the same order
and the direction of gravity cannot be easily guessed
beforehand (the direction with regard to the
experimental facility can even change with time). The
maximum stable slenderness of a cylindrical liquid
bridge between equal disks subjected to a lateral Bond
number (e=h=B,=0, V=1, B#0) was first analysed in
[56], and the general case (V1) is analysed in {57, 58,
59, 60]. The combined effects of both B=0 and e#0 are
analysed in [61, 62].

For the purposes of this paper, to understand how non-
axisymmetric stimuli affect the stability of liquid
bridges it is enough with some asymptotic results. In
[64}] an analytical expression of the maximum stable
slenderness of liquid bridges with volume close to the
cylindrical one and slenderness close to 7, including
both axisymmetric and non-axisymmetric stimuli, was
calculated. According to this study the maximum stable
slenderness become:

4/3 2/3
A pax (3) ( h 3 )
—aR - = B, -~ ————Bjecos +
n 2 “"% 2’ P

2
1 /) 3 2

+—(V-1)———Bj ———e" . (18)
2( ) 4 ! 4’[2

Obviously, equation (18) is only of application to liquid
bridge configurations close to the reference one
(e=h=B,=B=0, V=1), but allows us to deduce more
general conclusions concerning the influence on the
stability limit of the perturbations under consideration.
For instance, within this approximation, there is not
coupling between the different effects on the variation
of the critical slenderness but between B; and e and,
when these two effects are considered, another
important feature pointed out by equation (18) is that
Amax does depend on the angle § between the plane
defined by the axes of the disks and the direction of the
lateral component of microgravity. This behaviour is
clearly shown in Fig. 11.

Another important characteristic of the stability of
liquid bridges that must be remarked is that the
combined effect of both lateral Bond number and
eccentricity (the term in Bje) can be a stabilizing factor
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Fig. 11. Minimum volume of the liquid bridge, V,
versus eccentricity, e, of liquid bridges between equal
disks with slenderness A=2.5 subjected to a lateral
Bond number B;=0.02. The symbols represent
experimental results from [64]. Solid lines indicate
theoretical results according to expression (18).

for the liquid column. Observe that, besides the
combined effect of axial Bond number and unequal
disks, in the case of non-coaxial disks the liquid bridge
can be more stable if the acceleration has both axial and
lateral components than if only one of them is acting on
the liquid bridge.

The reason for this behaviour lies again on the
deformation of the liquid column, When B0 and ex0,
provided B=n/2, the lateral acceleration tends to buige
the liquid bridge close to the disk that is in the direction
toward lateral acceleration points and to neck the liquid
interface at the opposite one. If axial acceleration is
then oriented towards the disk where the liquid bridge
bulges, both effects, axial acceleration and the
combination of lateral acceleration plus eccentricity, act
in the same sense, so that the bulging effect is
accentuated (and in consequence the necking one). In
this case the stability is decreased.

Obviously, the reasoning is just the opposite when the
interface deformation caused by axial acceleration is in
opposition to that due to the combination of lateral
acceleration and eccentricity, and is this case the
resulting configuration is more stable than the
configuration obtained when only one of these two
groups of effects are considered.
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CONCLUSIONS

In this paper a brief review on the stability limits of
liquid bridges under a wide variety of stimuli, either
axisymmetric or non-axisymmetric, has been presented.
Out of a huge work of many authors in the last thirty
years, a subset of results, particularly relevant for the
floating zone technique has been extracted and
presented.

The effects reviewed are not all that have been
considered in the literature. There are other stimuli
whose effects on stability limits have been analysed,
mainly the influence of electric and magnetic fields, but
these are out of the scope of this review.
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