1.6. SPACELAB EXPERIMENT

FLOATING ZONE HYDROSTATICS

An analytical solution of the equilibrium sha-
pes and the static stability limits of liquid bridges
held by surface tension between two coaxial
disks is given following the variational approach.
The effect of rotation on the stability of a cylin-
drical zone is considered in more detail.

1. INTRODUCTION

Floating liquid zones appear in a variety of
applications: crystal growth, electrophoresis, sur-
face chemistry, etc. The most developed one is
the controlled solidification of semiconductor
materials from a containerless molten mass.
Although it is widely used on Earth under normal
gravity conditions (Czochralski's technique), as
a result of the hydrostatic pressure the zone can
not be higher than few milimeters; this severe
constraint is released in absence of gravity and
much bigger and perfect zones can be obtained.
In this papel the equilibrium configurations and
the static stability limits are established under
this new conditions.

The history of floating zones goes up to the
beautiful experiments of Plateau, who developed
the well known neutral buoyancy technique (also
named after him) of balancing the hydrostatic
pressure in the zone with that of a surrounding
immiscible liquid of equal density.

A closely related study to that of the equili-
brium shapes has been done by Orr et al. 1975
concerning pendular rings, but the possible equi-
librium shapes were already given by Plateau
1973 and Howe 1887 in terms of the nodoide and
unduloide figures. The solution for the axisym-
metric shapes are summarized in the Appendix.

The stability limit of cylindrical zones coin-
cides with that of cylindrical jets found by Ray-
leigh 1896. Other stability studies such as Gillis
1967, Mason 17970 and Wues 1976 deal also
with cylindrical zones. For non-gcylindrical zones
we present a general static stability limit analy-
sis. Results are shown present a general static
stability limit analysis. Results are shown in
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Fig. 1. Coordina-
tes and parame-
ters of the float-
ing zone. Most of
the results pre-
sented here con-
cerns with zones
for G=0=0, for
which the only
stable equili-
brium shapes
are axisymmetric
with a plane of
symmetry mid-
way between the
disks.

terms of two non-dimensional parameters,
L/D = A and V/D® = v, characterizing the geo-
metry of the support (disks of diameter D se-
parated a distance L) and the liquid volume V
(see figure 1).

2. EQUILIBRIUM AND STABILITY OF FLOATING
ZONES

We pose the problem of finding how the equi-
librium shape of the free surface changes with
L for a constant L (and D, of course). We also
look for the range of L which enables a stable
configuration of the liquid joining the disks. A
similar problem is that of keeping constant L
and consider the change in shape as the volume
V is varied; in general, we are interested on
finding the change in shape and the bounds (for
disruption not to occur) when following a certain
evolution f (A, v) = 0. Before going into the de-
tails, let the solution be anticipated as shown in
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Parametric solution for axisymmetric shapes.
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Functions A, B, C and D are defined by:
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where I and L are the standard elliptic integrals of the first and

series expausion form is recommended for calculating).

gsecond class (its

37



Fig. 2. Stable equilibrium shapes

figures 2 and 3. Some comments on the as-
sumptions made are needed: first of all we
assume a perfect wetting liquid anchored at the
edges of the disks where any contact angle, Y,
can take place; there exist an upper bound for
Y based only in stability criteria but it is so big
(bigger than =) that the liquid is expected to
overflow in any real experiment (due to other
effects not accounted in this model also, when
withdrawning a zone with Y = 0 it will detach
from the edges of the disk. Thence it seems
reasonable to limit our study to instabilities
taking place for 0 <Y = T.

The variational approach for solving the hydro-
static problem is based on minimizing the total
free energy of the zone (Landau and Lifshitz
1959, p. 232); the internal free energy of an
incomprensible fluid depends only on the volume
of the fluid and not on the shape of its surface.
The latter affects, firstly the surface free energy
ofdS and secondly, the energy in the external
field (gravity and centrifugation) which is oG

1
ZdV—?pQZflr2 dV. Thus the hydrostatic pro-
blem can be written
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of a floating zone held between
disks of diameter D placed a distan-
ce L apart, for G=Q=0. Curves
m=constant correspond to the out-
line EF shown in the insert (line EF
must be drawn for each particular
value of L/D). The successive cuts
of the line EF with curves m=cons-
tant give the actual position of the
zone edge, F. Points F inside ABCE
correspond to stable configurations
(and unstable ones if outside).

1
o f,dS + oG vadV—?pQvarde =

= minimum. N

This minimum is to be determined subject to
the condition

J.dv = constant, (2

which expresses the fact that the volume of the
fluid is known.

Equations (1) and (2} with the condition of
attachment at the disk edge, furnish the varia-
tional formulation of the probiem. A function @
is built in the way

(o) :cdeprZdV—lp.szrde+)»fdv,
2
(3)

where )\ is a Lagrange multiplier and standard
variational theory give the equilibrium states

5@ =0, (4)
the stability limit
50 =0, (5)



Fig. 3. Stability limits of a floating 4

zone held between disks of diam-
eter D placed a distance L apart,
for G=Q=0. For very short zones
(L/D < - 5, say) the successive sha-
pes when liquid is being removed
are: | convex nodoid, Il spherical
segment, Hl convex unduloid, IV
cylinder, V concave unduloid, Vi ca-
tenoid and VIl concave nodoid. For
more slender zones (-6 <L/D < ) 3

UNSTABLE

the last two figures are never seen
because the zone breaks with a
concave unduloid shapes (the break-
age is symmetric for L/D <2, till
point A, and non-symmetric for \
L/D > 2). For greater slenderness, 3
even the cylindrical zone is no long-
er obtainable.

UNSTABLE

and the stable configurations
8@ > 0. (6)

It is worth noticing that applying the Lagrangian
method in the same way as for mechanical
systems yields the same formulation.

Limiting to axisymmetric shapes greatly re-
duces the mathematical treatment (nearly axisym-
metric shapes will be considered when dealing
with the effect of rotation). Let the non-dimen-
sional variables and functions be defined as

r z L oGD?
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D D D o
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D Yoy 2o 20
2c D} D? oD’

Thus equation (3) once integrated in @ and r
becomes

o|r

A A
(D=]0f[z,r,r’)dz:] on(r V1 + r? +
0

wZ r2
qtgrzz———r“—p ) dz (8)
2 4 2
\D
where p = — is a non-dimensional Lagran-
g

ge multiplier which happens to be the non-di-
mensional pressure-difference between the ori-
gin and the outer atmosphere. Symbol r repre-
sents, from now on, the surface equation as r(z),
primes denoting derivatives respect to z.

To satisfy condition (4}, Euler equation
of d of

— =0 9
or dz (8r’) (%)
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must be verified. From equations (8) and (9)
we get
r” 1
(1 + r2)32 r(1 4 r3)2

+wrr+p=0 (10)
which represents the local equilibrium condition
at the free surface. For ¢ = w = 0 equation (10)
admits a closed solution in terms of elliptic in-

tegrals; the results are presented in figure 2
(details are given in the Appendix).

Let N(r} and r(z) represent equation (10} and
a known solution of it for g = w = 0, respecti-
vely. Any solution of (10) in the neigbourhood of

r(z) can be expanded as

r2) = rl2) + enl2) + O(£), e<<1, (11)
n(z) satisfying the so called Jacohi equation

_gz+

d ofF d o0 o
— (=1 +n (— — —) +
dz ar? dz orar’ ar?
o d o
ardp dx odr'op

which is deduced from (5) or sustituting (11) in
(10), p being the pressure in the origin of zone r,
and p; its variation with g; equation (12) can be
also looked as the first term in the expansion
of N(r), namely

N(r) = N(r) + el(n) + 0(e) =0 (13)

Solving (12) with homogeneous conditions yields
the static stability limits (curve ABC in figure 2).

In fact, expansion (13) provides a useful pro-
cedure for approaching equation (10) for g and w
small since if solution r for g = w = 0 is known,
the first approximation of r(z,g,w) is r = r + en
with 7 satisfying the non-homogeneous equation

L(n) = — N(r)/e.

3. THE EFFECT OF ROTATION ON THE
STABILITY OF A CYLINDRICAL ZONE

This section intends to show the simplest case
of the hydrostatic problem but in a more general
approach mainly concerning the possibility of
non-axisymmetric equilibrium shapes.

A solution satisfying (4) when g = 0,v = A /4,
any A and any w, is the cylindrical shape r =1/2;
any other solution (if it exists) in its neigbour-
hood can be written as

r(0,2) =1/2 4 em(0,2) + 0(e), e<< 1, (14)
Introducting (14) in (13}, using the non-dimen-
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sional variables defined in (7) and linearising
yields

5, 00 7z 3w?
en + +
mn 41 8

0dz.
+%) dodz (15)

Equilibrium requires §® = 0, thus

w? p
1— —— =0. 16
8 2 (16)

The stability limit will be given by §® = 0, thus

1
60 quzz 3w?
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n 4 8

According to the linearization one can develop
n(0,z) in Fourier series and analyse a general
single mode, namely

p
—)=0 (
+2)0(7)

n{6,z) = Acos m@sin ™z

(18)

The requirement of volume constancy imposes
one o fthe following conditions:

it m=0 then n odd
if m=0 then n even | - (19)

Substituting (18) in {17) and taking into account
(16} vields
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The first modes of instability are
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Now it is easy to discern between stable and
unstable shapes with condition (6). Figure 4
shows these results.

CONCLUSIONS

An analytical solution of the equilibrium sha-
pes and the static stability limits of liquid bridges
held by surface tension between two coaxial
disks has been presented following a variational
approach. The more relevant remarks are the
following:




Fig. 4. BReduction on the stability 4

limit of cylindrical zone due to a / i
spin rate at constant angular velo- - |
city Q. For Q larger than that cor- ]
responding to point A a new mode !
of breakage appear: the skipping /
rope ot C mode G=0. 3 " T DA T
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Filling or removal of liquid in short zones
(L/D < .4) does not present special features,
but for slender zones a minimum volume of
liquid is attained after which the liquid bridge
disrupts for .4 < L/D < 2 the breakage is sym-
metric (with a contact angle v < =/2), leading to
two equal spherical caps one on each disk;
finally, for L/D > 2 the breakage is non-symme-
tric (always taking place with v = =/2) leading
to different size caps. Figure 5 gives a complete
picture of the solution, allowing a quick estima-
tion of any evolution with floating zones.

The effect of solid body rotation is important
in two respects: first, it reduces the stability
limits, and second, it provides a new mode of
breakage, the skipping rope or C mode, by means
of which, the liquid would leave the supports.
This new instability can only occur for large spin

/" 8c
rates (Q > ] ).
3pD?

The effect of microgravity is equivalent to that
of the disalignement in a buckling problem.

It appears that the study both of the dynamic
stability and of the breakage process of a floating
zone are promising areas of further research.

ACKNOWLEDGEMENT

This work was conducted at the Polytechnic
University of Madrid in partial fulfillment of the
requirements for the Doctoral Degree of the
Doctoral Degree of the author. Founding was

provided by the Spanish Commission for Space
Research (CONIE).

APPENDIX

For g = w = 0 the equilibrium problem is that
of finding the function r(z, A, v) which represents
the free surface (of revolution) of a liquid volu-
me V/D’ = v held between two equal parallel-
coaxial disks with aspect ratio L/D = A, satis-
fying equation (10) with r(0) = s(A) = 1/2. Table
A-1 gives a summary of the solution in parame-
tric form. Under the same assumptions, equation
(12), that gives the stability limits, becomes

v+ —3T 1+ 12
"+ —= = 04—
F(1 417 r

+ 1+ p =0,

which can easely be integrated, once the general
solution of (10) is known as a function of two
parameters; in effect, two independent solutions
for the homogeneous are supplied by the respec-
tive partial derivatives of it. Although this pro-
cedure seems tedious it is not difficult to show
that at last we arrive at a simple necessary
condition for bifurcation to occur, namely

dA/30*  9A/da
~|ov/ae*  dv/da

which yields the stability limits (curve ABC in
figure 2). Additional details may be found in
Martinez 1978.

J(o*, a)
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Fig. 5. Summary-diagram for the
hydrostatics of a floating liquid zone.
Any stable evolution can be easely
analyzed as, for instance the suc-
cessive shapes for a constant volu-
me V when separating the disks, or
the successive shapes for a cons-
tant separation L when filling or
removal the liquid. A=L/D, v=V/D*
and m is a parameter defining the
meridian curve.
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